In this paper, we study some properties of poly-Bernoulli polynomials associated with umbral calculus related p-adic invariant integral on Z p .
Introduction
Let p be a fixed prime number. Throughout this paper Z p , Q p and C p denote the ring of p-adic integers, the field of p-adic rational numbers and the completion of algebraic closure of Q p , respectively.
Let f be uniformly differentiable function on Z p . Then the p-adic invariant integral on Z p is defined by f (x), (see [1, 11] )).
(
From (1), we have
f ( ), n ∈ N, (see [1, 11] ).
By (2), we easily get p e (x+y)t dy = t e t − 1
where B n (x) are ordinary Bernoulli polynomials. When x = 0, B n = B n (0) are called the Bernoulli numbers, (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] ). From (2) and (3), we have
As is well know, the classical polylogarithmic function Li k (x) is defined by
The poly-Bernoulli polynomials are defined by the generating function to be [4, 5, 6, 7] ).
The higher-order poly-Bernoulli polynomials are considered by D. S. Kim and T. Kim to be
n (0) are called the poly-Bernoulli numbers. By (5), we easily get
Let F be the set of all formal power series in variable t over C p with
and let P * be the vector space of all linear functionals on P. The formal power series
defines a linear functional on P by setting
By (7) and (8), we get
The map L → f L (t) is vector space isomorphism from P * onto F. Henceforth, F denote both the algebra of formal power series in t and the vector space of all linear functional on P, and so an element f (t) of F should be throughout of as both a formal power series and a linear functional. We shall call F be umbral algebra. The umbral calculus is the study of umbral algebra. The order o(f (t)) of power series f (t)( = 0) is the smallest integer k for which a k does not vanish. We define o(f (t)) = ∞ if f (t) = 0. A series f (t) for which o(f (t)) = 1 is called a delta series and a series for which o(f (t)) = 0 is called an invertible series (see [3, 8, 9, 12, 14] ).
By (9), we easily get e yt | p(x) = p(y). For f (t) ∈ F and p(x) ∈ P, we have
and
Thus, we see that
where
From (13), we can derive the following equation:
where p(x) ∈ P. Let s n (x) be the polynomial in the variable x with degree n and let o(f (t)) = 1 and o(g(t)) = 0. Then there exists a unique sequence S n (x) such that
These sequences S n (x) are called the Sheffer sequences for (g(t), f(t)) which is defined by
Then we have
wheref (t) is compositional inverse of f (t), and f (t)s n (x) = ns n−1 (x), (see [12, 14] ).
In this paper, we investigate some properties of umbral calculus associated with p-adic invariant integral on Z p . From our investigation, we derive some new identities of poly-Bernoulli polynomials.
poly-Bernoulli polynomials
From (5) and (19), we have
, t .
Thus, by (20), we get
Let us consider the function f (t) that satisfies
for all polynomials p(x) can be determined from (11) to be
Therefore, by (22) and (23), we obtain the following theorem.
Theorem 2.1. For p(x) ∈ P, we have
That is,
In fact, the numbers
From (2), we can derive the following equation:
Thus, by (24), we get
Therefore, by (24), we obtain the following theorem.
Theorem 2.2. For p(x) ∈ P, we have
In fact, the polynomials
For r ∈ N, let us consider the higher-order poly-Bernoulli polynomials as follows:
When
(0) are called the higher-order poly-Bernoulli numbers. From (25), we have
By (25), we get
From Theorem 2 and (27), we have
By (25) and (28), we get
From (27) and (29), we see that B
(k,r) n (x) is a polynomial of degree n with coefficients in Q p . Therefore, by (26), (28), we obtain the following theorem. Theorem 2.3. For p(x) ∈ P and r ∈ N, we have
In fact, the higher-order poly-Bernoulli polynomials are given by
where n ≥ 0. Let us consider the functional f r (t) that satisfies
for all polynomials p(x) can be determined from (11) to be 
Therefore, by (31), we obtain the following theorem.
